In this paper we will study an elastic dissipation model for a cantilevered beam. This problem for a cantilevered beam has been formulated by D. L. Russell as an open problem in [1, 2] , To determine the relationship between the damping rates and the frequencies we will use a recently developed, adapted form of the method of separation of variables. It will be shown that the dissipation model for the cantilevered beam will not always generate damping. Moreover, it will be shown that some solutions can become unbounded.
Introduction.
It is possible to use different approaches to describe energy dissipation in oscillating, elastic bodies such as beams (see [1, 2] ). Many approaches (such as molecular theories) are too complicated to use and to analyze in practice. So, as a result, different phenomenological theories are used and applied in mechanics. Of course, every theory has its pros and cons. In particular, Russell notes in [1, 2] that it is clear that "viscous" damping models such as d2u n du d2 f ^Td2u\ Pdt2+ 1dt+d^2\ d^)=' which produce uniform damping rates, are inadequate if experimentally observed damping properties are to be incorporated in the model. Kelvin and Voigt noted at the end of the nineteenth century that damping rates tend to increase with frequency. Incorporated into the Euler-Bernoulli beam model, their approach yields an equation of the form d2u d3 ( d2u\ d2 ( d2u\ PW+ ^Pdtd^\ fa2) + fa2\ fa2) =
In [3] Chen and Russell study models of the form x + Bx + Ax = 0,
where A is an elasticity operator and B is related in various ways to the positive square root, A1/2, of A. For beam equations this approach was generalized and developed further by Russell in [1, 2] , More recent results on the nonnegative square root of fourth order derivative operators are obtained by Yao in [4] . In the last ten years, many other authors (see for instance [7] - [10] ) significantly contributed to a deeper understanding of problems which can be formulated by system (1) .
In [1, 2] Russell introduces a new phenomenological dissipation model for beams, where the damping is assumed to be proportional to the bending rate of the beam. In fact, the following equation is considered:
where u = u(x, t) is the displacement of the beam in vertical direction and <5 is a positive damping constant. No derivation of the dissipation term utxx is given in [1, 2] , However, it is noted in [1, 2] that this new model has good mathematical properties. For instance, for initial value problems for simply supported beams, such as
, 0<x<ir, the solution for 0 < 5 < 2 is given by
where An -
Similar formulas can be derived for 5 > 2.
Indeed it can easily be seen that the damping rate in this case increases with the frequency. Russell [1, 2] and MacCluer [5] observe that the damping operator B in (I) and the stiffness operator A in (1) [11] that it is not true in general that the energy decreases monotonically, but it remains in [11] an open problem as to how the energy decreases or increases.
In this paper we will study the following initial value problem for a cantilevered beam:
u(x, 0) = f(x), and ut(x, 0) = g{x), 0 < x < n, where 6 is a positive damping parameter. To find the relationship between the damping rates and the frequencies we will use the recently developed, adapted form of the method of separation of variables (see [6] ). This paper is organized as follows. In Sec. 2 of this paper we will discuss how this adapted version of the method of separation of variables can be applied to the initial value problem (3) for the cantilevered beam. It will turn out that we have to consider three different cases: 5 -2, 5 > 2, and 0 < <5 < 2. These three cases will be treated in sections 3, 4, and 5 respectively. Finally in Sec. 6 of this paper some conclusions will be drawn and some remarks will be made.
2. On an adapted version of the method of separation of variables. The method of separation of variables is the oldest systematic method to find nontrivial solutions for (linear) partial differential equations. To study waves and vibrations, Daniel Bernoulli, Euler, and D'Alembert used this method in the middle of the eighteenth century.
The method has been considerably refined and generalized during the last centuries, and remains a method of great importance and frequent use today. Recently it has been shown in [6] that the method can be applied to a much larger class of problems than is generally assumed. After substitution of a separated solution (that is, a solution of the form X(x)T(t)) into the partial differential equation, dividing by X(x)T(t), and after differentiating the so-obtained equation sufficiently many times with respect to some of the independent variables, we can finally reduce the problem to ordinary differential equations. This adapted version of the method of separation of variables seems to be not (well-) known in the literature on partial differential equations. In this section we will show how the adapted method can be applied to the initial value problem (3) for the cantilevered beam.
First we are looking for a nontrivial solution in the form X{x)T(t) which satisfies the partial differential equation (PDE) and the boundary conditions. Substituting this solution form into the PDE, and by dividing the so-obtained equation by X(x)T(t), we find t ir x"" t~ rI + Y' ' ŵ here ' = and ' = . Generally it is assumed that (4) cannot be separated because of the mixed term However, by simply differentiating (4) with respect to x or t (see also [6] ), we can separate the variables in (4). For instance, if we differentiate (4) with respect to t, we obtain
which can easily be separated, yielding
where f3 is a complex valued separation constant. From (5) it follows that X"" = -f3X" = P2X, and then it can easily be deduced from (4) that T(t) has to satisfy T + 6/3T + P2T = 0.
Thus, the problem has been reduced to ordinary differential equations. Finally, by substituting the "separated" solution X(x)T(t) into the boundary conditions, we obtain as usual a boundary value problem for X(x):
X" + (3X = 0, 0 < x < 7T, X(0) = X'(0) = X"(?r) = X'"(tt) = 0, ŵ here (3 is a complex valued separation constant. It turns out that the boundary value problem (7) only has trivial solutions. We will omit these lengthy but elementary calculations.
So, differentiation of (4) with respect to t leads for the cantilevered beams to trivial solutions. For a simply supported beam, however, it will lead to the following boundary value problem for X(x):
X" + (3X = 0, 0 < x < 7T, .Y(O) = X"(0) = X{nr) = X"(ir) = 0, which has nontrivial solutions X(x) = sin(nx) for n = 1,2,3.... These solutions will finally lead to the solution of the initial value problem for the simply supported beam as, for instance, given by (2) for 0 < <5 < 2.
We can also differentiate (4) with respect to x to obtain
which can also easily be separated, yielding
where A is a complex valued separation constant. From (8) it follows that T = AT = A2T, and then it can easily be deduced from (4) that X (x) has to satisfy the following boundary value problem: X"" -S\X" + A2X = 0, 0 < x < 7T, for the differential equation in (9), it is obvious that we have to consider three cases: S = 2, S > 2, and 0 < S < 2. These three cases will be studied in the next three sections. It will be shown that nontrivial solutions for (9) can be found in all three cases. From (8) the time-dependent behaviour of a nontrivial solution X(x)T(t) for (3) can be determined. It is obvious from (8) that arbitrary vibrations of the cantilevered beam can only be damped out if all eigenvalues A have a negative real part, that is, Ai should be negative for all vibration modes.
3. The case S = 2. In this section we will study the boundary value problem (9) with 5 -2. The characteristic equation for the differential equation in (9) becomes in this case (k2 -A)2 = 0,
where A = Ai + i\2 with Ai and A2 € R. It can be shown elementarily that for A2 = 0, the boundary value problem (9) has only trivial solutions. For A2 ^ 0, the characteristic equation (11) 
where C\, C2, C3, and C4 are complex valued constants of integration. By substituting (13) into the boundary conditions in (9) we obtain a system of four linear, homogeneous equations for C1, C2, C3, and C4. To have a nontrivial solution the determinant of the coefficient matrix has to be zero, yielding sinh2(fci7r) -k\ir2 + 4 = 0.
Taking apart real and imaginary parts in (14) we get a system of two nonlinear equations for £1 and (2 (note that fci = Ci + 2(2)'-
sinh(27rCi) sin(27rC2) = 27rCi27rC2-Using the formula manipulation package Maple, numerical approximations of the solution of (15) can easily be obtained. Using these approximations and (12), the eigenvalues A = Aj + 1X2 can be approximated.
The first six approximations of the eigenvalues A of the boundary value problem (9) are listed in Table 1 for the case 6 = 2.
The first eigenvalue has a positive real part. From (8) it can readily be seen that for this eigenvalue there exists a nontrivial solution X(x)T(t) of (3) which becomes unbounded for increasing times t. So for this first vibration mode there certainly is no energy dissipation. 4 . The case <5 > 2. In this section we will study the boundary value problem (9) 
where C\, C2, C3, and C4 are complex valued constants of integration. By substituting (19) into the boundary conditions in (9) we obtain a system of four linear, homogeneous equations for Ci, C2, C3, and C4. To have a nontrivial solution the determinant of the coefficient matrix has to be zero, yielding
Taking apart the real and imaginary parts in (20) we finally obtain a system of two nonlinear equations for £1 and £2 (note that pi = £1 + ^2)
Numerical approximations of the solution of (21) can easily be obtained by using the formula manipulation package Maple. Using these approximations and (18) we can approximate the eigenvalues A = Ai + i\2-The first six approximations of the eigenvalues A are listed in Table 2 for some specific values of the parameter S > 2.
From Table 2 it follows that for each specific value <5 > 2 (as listed in Table 2 ), the first eigenvalue always has a positive real part.
From (8) it can readily be seen that for these first eigenvalues there exist nontrivial solutions X(x)T(t) of (3) which become unbounded for increasing times t. So for this first vibration mode there certainly is no energy dissipation. ON Table 2 . Approximations of the first six eigenvalues A = Ai + 1X2 for some specific values of the parameter <5 > 2.
5. The case 0 < 6 < 2. In this section we will study the boundary value problem (9) with 0 < 5 < 2. The characteristic equation for the differential equation in (9) has the form (16). It can be shown elementarily that for A2 = 0 the boundary value problem (9) has only trivial solutions. For A2 ^ 0 it follows from the characteristic equation ( 
As in Sec. 4, the solution of the differential equation in (9) can be written in the form (19). Again we obtain a system of four linear, homogeneous equations for Ci, C2, C3, and C4 by substituting (19) into the boundary conditions in (9) . To have a nontrivial solution the determinant of the coefficient matrix has to be zero, yielding (20). The only difference now with the previous section is that a and p\ are both complex valued. Taking 
Using the formula manipulation package Maple, numerical approximations of the solution of (24) can easily be obtained. Using these approximations and (23), the eigenvalues A = Ai + i\2 can be approximated.
The first six approximations of the eigenvalues A of the boundary value problem (9) are listed in Table 3 for some specific values of the parameter 0 < S < 2. Table 3 . Approximations of the first six eigenvalues A = Ai + i\2
for some specific values of the parameter 0 < 5 < 2.
From Table 3 it follows that for each specific value 0 < S < 2 (as listed in Table 3 ), the first eigenvalue always has a positive real part. From (8) it can readily be seen that for these first eigenvalues there exist nontrivial solutions X{x)T{t) of (3) which become unbounded for increasing times t. So for this first vibration mode there certainly is no energy dissipation.
Conclusion.
In this paper a phenomenological dissipation model for a cantilevered beam has been studied.
This new model has been introduced in [1, 2] as a model for a beam where the damping is assumed to be proportional to the bending rate of the beam. For the cantilevered beam the relationship between the damping rates and the frequencies has been obtained by using the recently developed, adapted version of the method ON AN ELASTIC DISSIPATION MODEL FOR A CANTILEVERED BEAM 573 of separation of variables (see [6] ). It should be remarked that this relationship also can be obtained by applying the Laplace transformation method to (3) . The boundary value problem (9) then also is obtained.
It has been shown that this phenomenological model for the cantilevered beam does not always generate damping. For some significant values of the "damping" parameter 5 is has been shown numerically that the first (that is, the lowest) vibration mode is unstable. So for this mode there certainly is no energy dissipation.
From this point of view we have to conclude that the elastic dissipation model for the cantilevered beam is not an adequate dissipation model.
